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A STEP IN CASTELNUOVO THEORY VIA GROBNER BASES 



IVAN PETRAKIEV 



Abstract. We establish the first previously unknown case of the Eisenbud- 
Harris conjecture in Castelnuovo theory concerning algebraic curves of high 
genus in P". The problem is reduced to a question about zero-dimensional 
schemes F C P"~i in symmetric position with certain constrains on the 
Hilbert function. The method of Grobner bases is then applied to study the 
homogeneous ideal of F. 
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1. Introduction 

Let C be a reduced, irreducible and nondegenerate curve of degree d and arith- 
metic genus g in P", n > 2. A celebrated theorem of Castelnuovo (1889) gives 
an explicit upper bound 7ro(d, n) on g in terms of d and n. Moreover, curves that 
attain the maximal genus, the so called Castelnuovo curves, have rather special 
extrinsic properties and are well understood. In particular, as long as d > 2n -I- 1, 
such curves always lie on surfaces of minimal degree n — 1. 

Castelnuovo's theorem has been reconsidered and extended further by several 
classical geometers, including G. Halphcn (CH), G. Fano ([S]) and, much later, by 

The author was partially supported by the NSF Graduate Research Fellowship. 
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2 IVAN PETRAKIEV 

Eisenbud-Harris (|Z|)- The main philosophy of the modern Castelnuovo theory is 
that curves of sufficiently high genus should lie on surfaces (or higher dimensional 
varieties) of some small degree. 

Extending Castelnuovo's bound, Eisenbud-Harris (jTi) defined a decreasing string 
of numbers 

where a = 0, 1, . . . ,n — f, and made a conjecture: if C is a curve of genus g > 
TTaidyn) and d > 2n + 2a — 1, then C must lie on a surface of degree at most 
n + a — 2 (see Conjecture 12 .Oil . 

In |7], a proof is given for the case a — 1, although a similar result has been 
already known to Fano. The Eisenbud-Harris conjecture is also known to be true 
any a, as long as d >> (the explicit bound on d is exponential in n). 

In this paper we settle the next case a = 2 (n > 8) of the Eisenbud-Harris 
conjecture (see thm. I2.16|l . The only previous work in this direction known to 
us is the paper of C. Ciliberto (0) j where some partial results were obtained by 
different methods. 

Recall the main circle of ideas involved in Castelnuovo theory. Let F = CnP"~^ 
be a general hyperplane section of C. We will say, that F is in symmetric position 
(see Def. I2.1|l , which generalizes the notion of uniform position, first introduced by 
Harris in ^S]- As Castelnuovo observed, if C is to have high genus, then F must 
have a "small" Hilbert function hr{l) and, in particular, F must fail to impose 
many conditions on quadrics in P""-'^. Assume d > 2n + 1. Then, according to the 
well-known Castelnuovo's lemma, hr{2) takes its minimal value 2n — 1 precisely 
when F is a set of points lying on a rational normal curve in P"~^. This allowed 
Castelnuovo to determine his bound ttq (d, n) on the genus of C and describe the 
curves that achieve it (see Section |OJ. 

By generalizing Castelnuovo's lemma, one is naturally lead to conjecture the 
following: if F C P"~i is a set of d > 2n -I- 2m — 1 points in symmetric position, 
with hr{2) > 2n + m, — 2 (where 1 < tti < n — 3), then F must lie on a curve of 
degree at most n + m, — 2 (see Conjecture 12. 10(1 . 

In this paper we establish the first previously unknown cases m = 3 (n > 5) and 
m — 4 {n > 7) oi ConJecture l2.1()l (see thm. I2.17() . This result in turn implies thm. 

The starting point in our work is the fact, that under the assumptions of Con- 
jecture I2.1UI F lies on an m-fold rational normal scroll (the construction, due to 
Fano and, independently, Eisenbud-Harris, is described in Section r3.2|l . We use 
this, together with the symmetry of F, to write the beginning of a Grobner basis 
for the homogeneous ideal of F in degree 2, in a suitable coordinate system and 
monomial order (see Section [3. 113.3(1 . It turns out, that there are only few quadrics 
missing in our Grobner basis, precisely (™~ ). We make a conjecture about the 
"missing" (""2^^) quadrics and support it with some evidence, that comes from an 
elementary geometric observation (see lemma 11^.131 lemma I3{ . 1 51 and cor. I3.16() . In 
the cases to = 3, 4, we are actually able to complete the whole Grobner basis of F 
in degree 2, which allows us to prove our main results (in Section 0J. 



A STEP IN CASTELNUOVO THEORY VIA GROBNER BASES 3 

Notation and conventions. We work over algebraically closed field k of characteristic 
0. For any closed subscheme X C P", denote by 

hx{l) = rk (p : iJ"(P", Opn (Z)) ^ H"{X, Ox{l)) 

the Hilbert function of X, where p is the natural restriction map. Equivalently, 
hx{l) is the number of conditions that X imposes on hypersurfaces of degree I in 
P". We say, that X C P" is nondegenerate if and only if X is not contained in 
any hyperplane. For any line bundle C on X and linear system V C \C\, denote by 
Bs{V) the scheme-theoretic base locus of V. If X is integral, denote by F{X) the 
field of functions on X. 

Acknowledgements. First, I would like to express my deepest gratitude to my thesis 
advisor Joe Harris for suggesting the problem and for guiding my research through 
the last 3 years. I would also like to thank David Eisenbud for a discussion that 
contributed to this paper. 

2. Projective curves with high genus 
2.1. Castelnuovo's classical theorem. 

A theorem of Castelnuovo provides an explicit bound on the genus 5 of a nonde- 
generate curve of fixed degree d in P". Moreover, curves that attain the maximal 
genus, the so called Castelnuovo curves, always lie on surfaces of minimal degree 
(assuming d > 2n -I- 1) and, therefore, are well understood. In this section we 
overview the basic ideas leading to Castelnuovo's classical result (thm. 12. 51 below). 
These ideas will be extended further in the next section, where we discuss the 
refinements of Castelnuovo theory, due to Eisenbud-Harris. 

Let C be a reduced, irreducible and nondegenerate curve in P" of degree d and 
genus g. Let T = C H H he any hyperplane section of C. Then, it is a standard 
fact (j2,, Lemma 3.1), that 

(1) hr{l)<hc{l)-hc(l-l). 

By the Riemann-Roch theorem, hc{l) = kd — g + 1, for any k sufficiently large. 
By summing Q over all A: > 1, we get ([Z], Cor. 3.2): 

00 

(2) g<Y.^d-hr{l)). 

1=1 
Equality is achieved if and only if C is Arithmetically Cohen-Macaulay (ACM) 

(0). 

Inequality |2Jl is central to Castelnuovo theory, since it gives an upper bound on 
the genus of the curve C in terms of the Hilbert function of its hyperplane section 
r. In particular, C has a maximal genus if and only if C is ACM and F has a 
minimal possible Hilbert function. 

We introduce the following two notions. 

Definition 2.1. Let Tk C P^"^ be an integral, nondegenerate zero-dimensional 
scheme of degree d, defined over a (non-algebraically closed) field K. Suppose, 
that F{Tk)IK is a Galois extension with Galois group Sd, the full symmetric 
group on d letters. Then, for any field extension L/K, such that the pull-back 
Tl — Fif Xfc L C P^"^ splits as a set of d distinct (geometric) points, we say that 
Tl is a set of points in symmetric position in P?^ . 
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Definition 2.2. (JSl) Let F C P"^i be a nondegenerate set of d distinct points. 
Suppose, that any two subsets A, B C T oi the same cardinality also have the same 
Hilbert function, i.e. Ha = hs- Equivalently, for any I, any hypersurface of degree 
I containing > hr{l) points of T necessarily contains all of T. Then, we say that F 
is a set of points in uniform position in P"""'^. 



Clearly, the following implications are valid: 
(Symmetric position) => (Uniform position) 
Let C C P"^: be a curve as above and let Hk = 



=> (Linearly general position) 

P^~^ be the generic hyperplane, 
defined over a pure transcendental field extension K/k of degree n. Let F^ — 
C n Hk and let L/K be any field extension, for which F^ splits as a set of d 
distinct points. By a standard monodromy argument ( 1 ), F^ C Hl is a set of d 
points in symmetric (hence uniform) position. 

In future, we will omit the subscript L and will simply write T ~ C Cl H d H. 

The Hilbert function of a set of points in uniform position satisfies the following 
"subadditivity" property ([7], p. 86): 

(3) hrik + l)> mm{d, hrik) + hril) - 1}. 

Now, since F C P"~i is nondegenerate, we have hr{l) = n. By (PJ, we have 
^r(2) > min{(i, 2n — 1}. The following well-known lemma describes F in the case 
when hr{2) is minimal, assuming that d is not too small: 

Lemma 2.3. (Castelnuovo 2 ) Let V he a set of d > 2n + I points in linearly 
general position in P"""'^. Then /ir(2) > 2r7, — 1. Moreover, /ir(2) = 2n — 1 if and 
only if F lies on a rational normal curve. 

We will present a proof of a generalized version of Castelnuovo's lemma later in 
Section rO 

Remark 2.4. Observe, that if F lies on a rational normal curve D then, by Bezout's 
theorem, any quadric in P"-~i containing F also contains D. In particular, /ir(2) = 
2n — 1, which is the "if" part of Castelnuovo's lemma. 

Finally, we are in position to give the Castelnuovo's bound on the genus of space 
curves. For d, g and n as above, set 

(d-l)-Ao(n-l). 



Ao 
Define 
(4) 
and 

(5) 

Explicitly, 

(6) 

We have ([7], p.87): 



1 



and 



eo 



hoil) 



l{n-l) + l, 



1 < ; < Ao 
l>Xo + l 



Tro{d,n) = ^{d- ho{l)). 
1=1 



7TQ{d,n) = 



(n- 1) + Aoeo- 
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Theorem 2.5. (Castelnuovo) Let C be a nondegenerate, reduced and irreducible 
curve of degree d, genus g in P". Then, g < TTo{d,n). Moreover, if g ^ 7ro(d,n) 
and d > 2n + I, then C lies on a surface S of minimal degree n — 1. 

Sketch of proof. Let F = C n -ff be a general hyperplane section. From (jSJ and 
the fact that ft.r(l) = n, we conclude that hr{l) > ho{l) for any I. By (O and lO, 
we have g < 7ro(d, n). 

Suppose that d > 2n + 1 and g = Tro{d,n). It follows, that hr{l) = ho{l) for 
any I. In particular, hr{2) — ho{2) = 2n — 1. By Castelnuovo's lemma, F lies on 
a rational normal curve D <Z H . It follows, that C lies on a surface S of minimal 
degree n-l with SnH ^ D (see 13, p.87). 

2.2. Refinements due to Eisenbud-Harris. 

It was recognized by Halphen, Fano and later by Eisenbud-Harris, that Casteln- 
uovo's approach can be applied to study curves of fixed degree d and nearly maximal 
genus g. The main hope is that such curves should lie on surfaces of some small 
degree (we will make this more precise later). In this section, we overview some 
results and conjectures in Castelnuovo theory, following Eisenbud-Harris ([7|). 

By taking a general hyperplane section of a curve C with "high" genus, one 
is naturally lead to studying sets of points F C P"^i in symmetric (or uniform) 
position with "small" Hilbert functions. To make the problem more tractable, one 
may use the subadditivity inequality to bound the entire Hilbert function of F just 
by knowing hr{2) (of course, this bound need not be sharp in general). Again, the 
main hope is that if /ir(2) is sufRciently small, that is, if F fails to impose many 
conditions on quadrics in P"~^, then this failure is caused by the fact that F lies 
on a curve D of some small degree (compare to rmk. 12. 4|) . 

In ^, Eisenbud-Harris proved the following analogue of Castelnuovo's lemma: 

Lemma 2.6. (Eisenbud-Harris ) Let n > 4 and let V be a set of d > 2n + 3 points 
in uniform position in P"^^. ///ir(2) = 2n, then F lies on an elliptic normal curve 
D inP"-i. 

Also, Eisenbud-Harris introduced a new constant tti (d, n) < 7ro((i, n) (see below) 
and, using the lemma above, proved: 

Theorem 2.7. f|7|, p. 99) Let n > 4 and let C C P" be a reduced, irreducible and 
nondegenerate curve of degree d and genus g. Then, 

(a) If g > 7ri(d, n) and d>2n+\, then C lies on a surface S of degree n — 1. 

(b) If g = 7ri(d, n) and d > 2n + 3, then C lies on a surface S of degree < n. 

They went even further to define a decreasing string of numbers Tra{d, n), where 
< a < n — 1 (see below), and proved: 

Theorem 2.8. (Eisenbud-Harris) For any n, there is a constant do — do(n) with 
the following property. Let C be a reduced, irreducible, nondegenerate curve of 
genus g, degree d > do in P". If g > TTaid, n), then C lies on a surface of degree at 
most n -\- a — 2. 

Eisenbud-Harris gave an explicit value of do{n) for which the theorem is known 
to be true. Unfortunately, their do{n) has exponential growth in n (for example. 



According to |5], this lemma was already known to G. Fano. 
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do{n) = 2"+^ for n > 8) and, obviously, is far from being sharp. In fact, they made 
the foUowing: 

Conjecture 2.9. (Eisenhud- Harris) Let C be a reduced, irreducible, nondegenerate 
curve of genus g, degree d>2n + 2a—\ in P". If g > '!Ta{d,n), then C lies on a 
surface of degree at most n + a — 2. 

For example, the case a = is Castelnuovo's bomid, while the case a = 1 is part 
(a) of Thm. O 

One of the goals of this paper is to establish the next case a = 2 (n > 8) of the 
Eiscnbud-Harris conjecture, and give new partial results for a — 3,4: (See Theorem 

Conjecture 12.91 is closely related to the following conjecture for sets of points in 
symmetric position with small hr(2): 

Conjecture 2.10. Let T is a set of d > 2n + 2m — 1 points in symmetric position 
in P"""'^, where 1 < m < n ~ 3. Suppose, that hr{2) = 2n + m — 2. Then, T lies 
on a curve D of degree at most n + m — 2. 

For example, the case m = 1 is Castelnuovo's lemma, while the case rn, = 2 is 
the Eisenbud-Harris lemma. 

One of the main goal of this paper is to establish the cases to = 3 (n > 6) and 
TO = 4 (n > 8) of the conjecture above (see Theorem 12. 17|l . 

Remark 2.11. As we will see in Section lX^ if the curve D exists, then D is unique 
and Z? is a component of Bs{\Tr{2)\). 

Remark 2.12. The assumption m < n — 3 is necessary. For example, if to. = n — 2, 
then one could take F to be a complete intersection of a del Pezzo surface (of degree 
n) and two general quadrics to produce a counterexample. 

Remark 2.13. Conjecture 12. 101 is a very special case of a conjecture in so called 
Higher Castelnuovo Theory, introduced by Eisenbud-Green-Harris in p|. In their 
paper, the conjecture is stated with the weaker assumption that F is in uniform 
position. In our work, the assumption that F is in symmetric position will play an 
essential role. 

2.3. The definition of 7ra{d,n). 

We recall some definitions from [Jj. 

Let C be a reduced, irreducible curve of degree d and genus g in P" . For any 
< a < n - 2, set 



Xa — 

Also, set 



1 



and ea — d — 1 — Xa{n — 1 + a) . 



fia = max 



2 
Define the function ha{l), depending also on d and n, as follows: 

/(n + a- 1) -a + 1, 1 < ^ < A^ 

(7) ha{l)^{ d-fia, l = Xa + l 

l> X„ + 2 
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Finally, define 

oo 

(8) 7r„(d,n) = ^(d-/i„(/)). 

1=1 
Explicitly, 

(9) na{d,n) = f " j(n- 1 + a) + Xa{ea + a) + Ha- 

Asymptotically, we have TTaid, n) « 2(n-i+a) ~^ 0{d). 

Similar definitions exist in the case a = n — 1 (see 0). 

The relevance of the definitions above comes from the following lemma, which is 
a slight refinement of [7j, Lemma 3.24(i). 

Lemma 2.14. Let T C P"~i be a general hyperplane section of C. Suppose, that T 
lies on an irreducible curve D C P"^i of degree n + a — 1, for some Q < a < n — 2. 
Assume, that D is (Aq + l)-normal, that is, the linear system on D cut out by 
hypersurfaces of degree Aq + 1 is complete. Then, ft-r(0 ^ ^a(0 /"'^ '^^^ '■ 

The proof is the same as in [7j, so we omit it. 

Remark 2.15. By the result of Gruson, et.al. ^J, D is automatically (Aq, + 1)- 
normal in the following cases: (i) Aq > a, or (ii) Aa = a — 1 and D is not a smooth 
rational curve with an {a + 2)-secant line. 

2.4. New results for a < 4. 

Our new results towards Conjecture 12 . 91 are the following. 

Theorem 2.16. Let n > 8 and let C be a reduced, irreducible and nondegenerate 
curve of degree d and genus g in P" . Then: 

(a) Lf g > TT2{d,n) and d>2n + 3, then C lies on a surface S of degree < n. 

(b) Lf g > ^^{d, n) and 2n + 5 < d < 4n + 6, then C lies on a surface S of 
degree < n + 1 . 

(c) Lf g > 7r4((i, n) and 2n + 7 < d < 3n + 3, then C lies on a surface S of 
degree <n + 2. 

The proof relies on knowing Conjecture 12. 101 for m ~ 3,4. We have: 

Theorem 2.17. Let T C P"^i be a set of d points in symmetric position. 

(a) Let n > 5. Lf hr{2) ~ 2n + 1 and d > 2n + 5, then T lies on a curve D of 
degree < n + 1. 

(b) Let n > 7. Lf hr{2) — 2n + 2 and d > 2n + 7, then T lies on a curve D of 
degree < n + 2. 

The proof of Theorem 12 . 1 71 will occupy Sections El and 0] of this paper. Here, we 
merely show how one result implies the other. 

Proof of Theorem \2.1b\ assuming Theorem \2.17\ 

Let g > TTa{d,n) be as in the theorem, a < 4. We want to show, that C lies on 
a surface 5* of degree < n + a — 2. 

First, we reduce to the case when C is linearly normal. If this is not the case, 
then C is a projection of some curve C" C P"+i of degree d and genus g. Notice, 
that TTa{d, n) > TTa^i{d, n + 1). By induction on a, we conclude that C" lies on a 
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surface S' of degree < n + a~2. We may now take S to be the projection of S' in 

■pn 

So, assume that C is hnearly normal and let F = C fl 7J be a general hyperplane 
section. Our strategy is the following: use the assumption on the genus g > tTq (rf, n) 
and the subadditivity of hr{l) to bound /ir(2). Then, apply Theorem 12.171 to 
conclude, that C lies on a curve D of some "small" degree. By lemma l?.14l conclude 
that, in fact, deg D < n + a — 2. 

Once we know this, it follows at once that C lies on a surface S of degree 
< n + a — 2. Indeed, by linear normality of C, every quadric in H containing F 
is a restriction of a quadric in P", containing C. Now, _D is a component of the 
base locus Bs{\2r{2)\) in H (see remark r2.11|) . It follows, that i3s(|Zc(2)|) has a 
two-dimensional component 5', whose general hyperplane section is D. 

a) Assume first, that d > 2n + 7. From the assumption g > TT2{d,n) and the 
subadditivity of hr{l), it follows that hr{2) < 2n + 2. By Theorem 12. 171 F lies on 
a curve D of degree < n + 2. 

We claim, that deg I? < n. Indeed, the condition g > Tr2{d,n), together with 
^ and implies, that hr{l) < h2{l), for some I > 1. By Lemma [2. 141 D cannot 
be of degree n + 1 (notice, that X2{d,n) > 2, so remark [2. 151 applies! . Similarly, 
g > 7T2{d,n) > Tr3{d,n) implies that hr{l) < ^3(0 for some I > 1. By Lemma [2. 141 
D cannot be of degree n + 2 (we have A3 {d, n) > 2 and D is not smooth rational, 
because ho{2) — ft.r(2) < 2n + 2; so, remark [!j. 151 still applies). We conclude, that 
deg-D < n. 

Hence, C lies on a surface S of degree < n. 

It remains to consider the case 2n-(-3 < d < 2n-|-6. Now, the assumption on the 
genus g implies the stronger condition /ir(2) < 2n. By the Eisenbud-Harris lemma, 
F lies on a curve D of degree < n, and we are in the same situation as above. 

b, c) In each case, the bounds on d are so chosen as to imply ft-r(2) < 2n + 2. 
The rest of the argument is very similar to part a) and is omitted. D 

3. Points in symmetric position with small Hilbert functions 

The following two sections will be devoted to proving our new results towards 
Conjecture 12. 101 that were announced in Thcorcm l2. 171 above. 

Since we will work exclusively with sets of points in symmetric position, it will 
be notationally convenient to replace n ~ \ with n everywhere. In particular. Con- 
jecture |^^ takes the form: 

Conjecture. Let T is a set of d > 2n + 2m + 1 points in symmetric position in 
P", where 1 < m < n — 2. Suppose, that hr{2) = 2n + m. Then, F lies on a curve 
D of degree at most n + m — 1 . 

In what follows, we start with some generalities on points in symmetric position, 
and then gradually specialize to the cases that are of interest to us. 

3.1. Basic setup. 

Let F C P" be a set of d points in linearly general position, defined over some 
field L, and let /r be the homogeneous ideal of F. Let po, ■ ■ ■ ,Pn be some of the 
points of F. Choose homogeneous coordinates xq, . . . , a;„ in P", for which po, . . . ,p„ 
are the standard vertices. 
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We set graded lexicographic order (grlex) on the set of monomials in the polyno- 
mial ring L[xo, ■ • ■ , Xn] (see 0] for definitions). For any / G i[a;o, . . . , x„], denote 
by in{f) the initial monomial of /. 

Consider the homogeneous ideal /r and its initial ideal in(Ir). Denote by in{lY)i 
the l-th graded piece of zn(/r). 

Since /p. = (xq, ...,Xi, ...,Xn) for i = 0, . . . , n, we have xf ^ in{Ir) C in{Ip.). 

Proposition 3.1. Assume that T is in symmetric position. Then, in{Ir) has the 
following property: if XiXj G in(Ir) (where i < j), then Xi-iXj € in(Ir) and 
XiXj^i G in{Ir), unless i — or i — j — 1, respectively. 

Proof. Let Q G in{Ir) be a quadric with in{Q) — XiXj. Geometrically, this means 
that: (i) The singular locus sing{Q) contains the linear span pq . . .pi^i, but not 
Pq . . .pi] (ii) Q contains the lines popi, . . . , poPj-i, but not papj. 

Suppose that i > and consider the permutation r' = Ti_i,i on {po, • • • ,Pn} 
that transposes pi-i and pi. Since F is in symmetric position, there is a quadric 
Q' = ''"'(Q) S -^r, such that: (i) Q' is singular at po . . .pi-2Pi, but not po . . .pi^ipi; 
(ii) Q' contains the lines popT, . ■ . ,poPj-i, but not popj. It follows that in{Q') = 

Xi—\Xj . 

Similarly, suppose that i < j — \ and consider the transposition r" — Tj-ij. By 
a similar argument, we have in{Q") = XiXj-i, where Q" = t"{Q). D 

From now on, F C P" is always assumed to be in symmetric position. 
For any k — 1, . . . , n, we may consider the projection 

TTfc : P" — + P*^ 

from the linear subspace {xn-k = ■ ■ ■ = Xn = 0} = P"-'^-i. Let 

Tk = 7rfe(r - {pq, . . . ,Pn^k-l})- 
By the well-known Elimination theorem ( 4 ), the initial ideal of F^ is: 

m(/rj = in{Ir) nk[xn-k,- --.Xn]- 
It will be useful to depict m(/r)2 in diagrams of the form: 

• • ... 




An example of m(/r)2 
In the diagram above, every dot corresponds a monomial XiXj with i < j. The 
monomials are ordered lexicographically (from left to right, top to bottom). In 
particular, the dots in the (i -I- l)-st row correspond to monomials: 

XiXi^l XiX^^2 • • • X^Xji 

By prop. 13.11 there is a step-like line separating the monomials in in{Ir)2 from the 
other degree two monomials. 
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By the Elimination theorem, the diagram of in{Ir^)2 can be obtained from the 
diagram of m(/r)2 by deleting the top n — k rows. 

Example 3.2. If in{Ir)2 is as in the diagram above, then in{Iri)2 is: 

• • o o 

o o o 

o o 

o 



3.2. The Generalized Castelnuovo Lemma. 

The following basic lemma plays a key role in Castelnuovo theory. 

Lemma 3.3. (Fano, Eisenbud-Harris) Let T be a set of d > 2n + 2m+ 1 points in 
symmetric position in P", where m < n — 2. If hr(2) = 2n + m, then there exists 
an m-fold rational normal scroll S containing T . 

In particular, if we set m — \^ we recover Castelnuovo's classical lemma. 

Remark 3.4. In fact. Lemma 13.31 is true if F is just assumed to be in uniform 
position ([7]), but we will not use this in the sequel. 

Below we sketch the construction of S. The actual proof can be found in [7]. 

Step 1. Let F = {pg, • ■ • ,Pd-i}- Choose homogeneous coordinates .tq, . . . , x„ in 
P", for which pg, . . . ,p„ are the standard vertices. Let A — {a:„_i = a;„ = 0} = 
P"^^, i.e. A = poi • ■ • ,Pn-2- Then, A imposes at most ("2^ ) conditions on the 
linear system |Ir(2)|. It follows that /i°(2ruA(2)) > n — m. So, we may take n — m 
(general) linearly independent quadrics 



vanishing on F, where 0<i<n~m~l. 



Mi x„ 



Step 2. It is easy to show, that the linear forms Li (resp. Mi) are linearly 
independent on A (see 0). By symmetry, it follows that Lj's (resp. Mi's) are 
linearly independent on pq, . . . ,Pn-m-i- So, after a linear change, we may assume 
that Li vanishes on pq, ... ,pi, .. . ,Pn~m-ii for Q < i < n — ni — 1, and Li{pi) = 1. 
It follows immediately that Mi vanishes on p^, . . . ,pi, . . . ,p„_,„_i, and Mi{pi) ^ 0. 



Step 3. Define the determinantal locus 

Mo Ml ... M„_„j_i Xn 

Geometrically, S is just the residual intersection of the quadrics Qi with respect 
to A. It is explained in [3, that S is in fact a rational normal m-fold scroll. 

Step 4- It remains to show that E contains F. A priori, it is clear that S contains 

F - (A n F) = {pn-l,Pn, ■ ■ • ,Pd-l}- 
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Consider the quadrics 



Li Lj 



for 0<i<j<n — m — 1. Now, Qij vanishes on pq, . . . ,pi, . . . ,pj, . . . ,pn-m-i, 
and also on Pn-i,Pm ■ ■ ■ ^Pd-i- Since Qij contains at least 

n-m-2 + {d-n+l)>2n + m = hr{2) 

points of r, it follows by symmetry that Qij contains all points of F. This completes 
the last step. 

Lemma 3.5. Let T and S be as in the previous lemma. 

(a) i],„g n r = {0} 

(b) No two points of T lie in the same ruling of S . 

Proof. Let Sd be the group of permutations on d letters {po, ■ . ■ ,pd-i}, and let 
G be the subgroup of Sd that leaves the two disjoint subset {po, . . . ,p„_2} and 
{pn-i, . ■ . ,Pd-i} invariant. Then, the construction of E in lemma POl depends on 
the order of points T = {po, . . . ,pd-i} only upto a G- action. 

(a) Since S C P" is an m-fold rational normal scroll, m < n ~ 2, the singular 
locus "Ssign is a linear subspace of P" of dimension < n — 4. If a point p €T lies in 
the singular locus of S then so does any point in the orbit G ■ pi. This contradicts 
the linear generality of F. 

(b) A ruling of S is a linear subspace of P" of dimension < n — 3. If two points 
p, g e F lie in the same ruling of S, then any point in the orbit G ■ p also lies in 
that ruling. Again, this contradicts the linear generality of F. D 

Our next goal is to determine a Grober basis for S for the lexicographic order 
on xo, ■ . . ,Xn- From Step 2 in the construction of E, we have: 

in{Li) — in{Mi) — Xi 

for 0<i<n — m^l. Therefore, 

in{Qi) = in{LiXn - MiXn~i) = XiXn-i- 

By lemma l^^b), any two points pi, pj lie on different rulings of S. It follows that 

in{Qij) — in(LiMj — LjMi) — XiXj. 

Lemma 3.6. The ^"^™+ \ quadrics {Qi}U{Qij} defining E form a Grobner basis 
for S. In other words, in{I-£.) is generated by the monomials 

Proof. The rational normal scroll S has Hilbert function /is(0 — ("'~'^)(*^m^^) + 
(*^") . It is easy to check that the ideal generated by the monomials in (2) has the 
same Hilbert function. The lemma now follows from Macaulay's theorem. D 

The initial ideal of S in degree 2 is represented by the following diagram: 
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• • ... • • o o ... o • o 

• ... • • o o ... o • o 

• • o o . . . o • o 

• o o . . . o • o 

o o ... o H o 

o ... o o o 

o o o 

o o 



The initial ideal of E 



l) plays a special role, and it is marked 



The monomial Xn-m-iXn-i = in{Qn- 
with ■ in the diagram above. 

Lemma 3.7. Consider the projection T^m+i ■ P" '--* pm+i_ Then, the image 
7r(S) is the quadric T^{Qn~m-i)- Moreover, the restricted map 7r|s : E --^ ''r(E) 
is birational and the locus of indeterminancy of tt\s consists precisely of the points 

{PO,--- ,Pn-m-2}- 

Proof. By elimination theory, we have: ^7r(s) = ^s H k[xn-m-i, • ■ ■ , Xn\. By lemma 
13.61 we see that 7r(E) = 7r(Q„_m_i), which is a quadric in p™+i. D 

Corollary 3.8. For any k >m + l, let Efe = 7rfc(E) C P''. Then, Y.k C P'' is a 
rational normal m-fold scroll, and the restricted map Trjj] : E --^ E^ is birational. 

3.3. On the initial ideal of F. 

We adopt the setting from the previous section. In particular, let F be a set of 
d > 2n + 2m + l points in symmetric position in P" (m < n — 2), such that /ir(2) = 
2n + TO. By lemma IX^ there is an rn-fold rational normal scroll E containing F. 

Since F is in symmetric position and /r D /s, lemma IXBl and prop. 13.11 give: 

Corollary 3.9. Any monomial xiXj with 0<i<n — to— 1, 0<j<7i — 1 and 
i < j occurs in the initial ideal ofT. 

The monomials occurring in cor. 13.91 are depicted in the following diagram: 
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• • ... • • • • ... • • o 

• ... • • • • ... • • o 

••••... • • o 

•••... • • o 

• • ... • H o 

o ... o o o 

o o o 

o o 



Part of the initial ideal of F in degree 2 



For any monomial XiXj with Q < i < n- 



1 and < j < n — 1 , we can choose 



a representative Qij in i/°(/r(2)) with in{Qij) — XiXj. Let V C iJ"(/r(2)) be the 
hnear subspace spanned by the Q^'s. 

Corollary 3.10. The codimension of V in H^(Iy{2)) is {^' 
does not depend on n. 



In particular, it 



Proof. We have h°[Ir{2)) = ("J^) - (2n + m) and dim V = ("^'") + m{n - to). 
Hence, /i°(2r(2)) - dimV = ("2"^). D 

Lemma 3.11. For each Q<i<n — m— 1, the Zariski tangent space Tp.Bs{\V\) 
is 1- dimensional. 

Proof. By symmetry, it suffices to check the claim for po- Observe that the mono- 
mials XqXi^ . . . , XQXn-i occur as initial monomials in V, while x^Xn does not. The 
claim follows immediately. D 

Corollary 3.12. Suppose, that F lies on a reduced, irreducible curve D with 
deg(D) < |F|/2. Then, D is a component of Bs{\It{2)\). Moreover, D is a unique 
curve with this property. 

Proof. By Bezout's theorem, D is contained in i?s(|Tr(2)|). By lemma 15.111 the 
Zariski tangent space of i3s(|Xr(2)|) at, saypoi is at most 1-dimensional. The claim 
follows. D 

Let us state the following weak version of Conjecture 12. 101 



Weak Coniecture l2.10l For eachpi G F, the Zariski tangent space Tp.Bs{\TT(2)\) 
is 1- dimensional. 

We have: 

Lemma 3.13. The following are equivalent: 

(a) Weak Conjecture holds for F; 

(b) The monomial xoXn does not belong to m(F); 

(c) None of the monomials XiXn belongs to m(F); 

(d) The following holds: dim(m(/r)2 H fc[x„_m, . . . ,x„]) = ('"2^ ); 
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(e) The following holds: dim (m(/r)2 H k[xn-m-i, ■ ■ ■ , Xn]) — (™) + 1- 

Remark 3.14. A priori, we know that inequality < holds in part (d) and (e) of 
the lemma above. This follows from cor. 13.101 

Proof, (a) <^ (b) Same argument as in the proof of lemma Hi. Ill 
(6) <^ (c) follows from prop. 13.11 

(c) <^ {d) follows from the description of the initial monomials in V (cor. 13. 9|) 
and from cor. I3.1UI 

(d) <=^ (e) follows from the description of the initial monomials in V and from 
prop. 13.11 D 

Consider the projection 7r„i+i : P" ---> P"'+i as in section rTTl and let Tm+i 
be the image of T - {pq, . . . ,_p„-,„-2}- Let r,„+i = {go, • ■ • , Qe-i}, where e = 

d- (n-m-l), with qi = TTm+l{Pi+n-m-l)- 

Lemma 3.15. For any multi-index i = (iq, . . . , im-i), with io < •■■ < im-i, 
consider the linear subspace Ai — qig . . . qi„^_i = P™~i in p™+i. Then, there exists 
a quadric Qi in i/°(P™+^,Zr„,+i (2)) containing Ai. 

Proof. By symmetry, it suffices to prove the lemma for the multi- index i = (0,1,..., m- 
1). Let A = {xn-i = Xn = 0} = P"'~2 be as in Section IX^ Then, the projection 
of A under vr is precisely Ai. Define Qi = 7T{Qn-m-i). By lemma rTTI Qi is the 
projection of the scroll S. Since Qn-m-i contains A, it follows that Qi contains 
Ai. D 

Finally, we have the important corollary, which should be thought of as an 
evidence towards Conjecture 12. 101 

Corollary 3.16. Suppose that for some (hence every) multi-index i, the linear 
subspace Ai imposes independent conditions on quadrics containing r,„_|_i, i.e. the 
restriction map 

PI : iJ"(P'"+i,Xr„^,(2)) ^ i/0(Ai,ZA,nr„+,(2)) 

has maximal rank. Then, Weak Conjecture holds forT. 

Proof. We have: 

/j"(Ai,XA,nr,„+,(2))-/^,°(Ai,0A,(2))-|Ainr„+i|= (^"''+^) -m= Q. 

By lemma lH.lSI pi has a nontrivial kernel. Hence, ft,°(Ai,XA.nr„+i (2)) > (™) + 1. 
The claim follows from lemma 15. 131 and remark !!{. 141 D 

Remark 3.17. The corollary above gives a sufficient, but not a necessary condition 
for the Weak Conjecture to hold. For example, if i?s (|Ir™+i (2) |) has a component 
W of dimension > 2, then W meets some Ai in a point that does not belong to 
r„i+i. In particular, pi fails to be surjectivc in this case. 
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4. Main Results 
4.1. The strategy. 

Finally, we are in position to present our results on Coniecture l2.1()l for to = 3, 4. 
As before, let F C P" be a set of d > 2n + 2m + 1 points in symmetric position 
(to, < n — 2), such that hr{2) ^ 2n + m. We want to produce a curve D of degree 
< n -\- m — 1, containing F. Here is a naive approach, that will require a slight 
modification to work: 

Step 1. Consider the projection TTm+i ■ P" --^ pm+i g^^^j ^j^g image F^+i C 
pm+i _ 7r„j^2(r — {po, ■ ■ ■ ,Pn-m-2})- By using lemma 13.151 we can show, that 
F„j-|_i lies on sufhciently many quadrics in p™+i. From this information, we can 
deduce that Tm+i lies on a curve -Dm.+i of small degree, which is a component of 

i3s(|Zr„+,(2)|). 

Step 2. Let I] C P" be the m-fold scroll constructed in sec. 13. 21 and let T,,n+i = 
7r„j+i(E) C P™+i. By lemma ISTZI the map 7r|s : E ---> Em+i is birational. Since 
Djn+i C Sto_|_i, we may consider the strict transform^ Z? C S of D^+i under iTm+i- 



Hopefully, the curve D constructed in Step 2 is the one we are looking for. 
Unfortunately, we don't know the behaviour of D at the points {po, ■ ■ ■ ,Pn-m-2}, 
where TTm+ils is not defined. A priori, D could have arbitrary multiplicity /i at 
those points (including p, = 0), and therefore we don't have control on the degree 
of D or the fact that D passes through all points of F. To remedy the situation, 
we introduce another step: 

Step fi. Consider also the projection Tm+2 C P'"+2. By using the fact, that 
Fto+2 lies on sufhciently many quadrics, we can show that Fm+2 lies on a curve 
Dm+2 of small degree, which is a component of i3s(|Xr,„+2(2)|)- Finally, we have 
the following "lifting" lemma, which exploits the symmetry of F in a subtle way. 

Lemma 4.1. Let F be as above. Assume, that F„i+2 C P''"+2 lies on a unique 
(reduced, irreducible) curve Dm+2 of degree < 2m + 2. Let Dm+i C P™+^ be the 
projection of Dm+2 from 'Krn+2{Pn-m-2)- Assume also, that Dm+i is the unique 
curve in P™+i of degree < 2m + 1 that contains Fm+i. Then, F C P" lies on a 
curve D, such that TTm+iiD) = Dm+i- Moreover, D is nonsingular at F and D has 
degree {n — m — 1) + deg(Dm+i)- 

Proof. Notice, that £'m+2 is nonsingular at all points of Tm+2 (otherwise, by 
symmetry, Dm+2 is singular at all points of F,„_|-2; but, the genus of Dm+2 is 
g{Dm+2) <m < \Tm+2\)- 

For any k, let S^ = TTkCS) C P*^ be the projection of the TO-fold rational normal 
scroll E, constructed in section n^ By cor. 13.81 the map 7rfe|s : E --->■ E/j is 
birational. 



Recall, that if / ; X ---> y is a birational map between varieties, and Z (ZY is a, closed subset 
such that /^^ is defined over a dense open subset Zq C Z , then the strict transform of Z is, by 
definition, the closure of f~^{Zo) in X. 
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Since 

|r„j+2 \ = d — [n — m — 2) > 2n + 2m + I — {n — m — 2) 

> 4to + 5 > 2deg(A«+2), 
Dm+2 is contained in _Bs(|Zrm+2(2)|)- In particular, Dm+2 C I]„i+2- Similarly, 

Dm+l C S„i_|_i. 

Define Z) C S to be the strict transform of Dm+2 with respect to the map 
7r,„+2|K : S --^ Sm+2- A priori, D is a curve in P", containing pn-rn-2, ■ ■ ■ ,Pd-i- 
Since Dm+2 is nonsingular at Tm+2, D is nonsingular at pn-m-2, ■ ■ ■ ,Pd~i- 

Notice, that D C S can be also defined as the strict transform of Dm+i with 
respect to the map tTto+iIe : S ---> Sm+i- 

The key observation is that the later definition of D does not depend on the 
order of points po, . . . ,Pn-m-2 (In other words, let K C L be the field extension 
as in Def. 12.11 Then, D is defined over an intermediate field K C F C L, such 
that Gal{L/ F) acts on {po, • ■ • jPn-m-2} via the full symmetry group on n — to — 1 
letters). 

Since D contains Pn-m-2 and is nonsingular at Pn-m-2, it follows by symmetry, 
that D contains all of P07 • ■ • 1 Pn-m-2 and D is nonsingular at these points. 

In summary, D is contains all of F and is nonsingular at T. 

Since D„i+i = TTm+i{D), it follows, that deg(I?) ~ (n — to— l) + deg(I?m+i). D 

4.2. The case m = 2. 

We reprove the well-known case to = 2 of Coniecture l2.1()l for points in symmetric 
position^. We use some auxiliary results from section [4. 51 and [4. til below. 

Proposition 4.2 (Fano, Eisenbud-Harris). Let T be a set of d > 2n + 5 points in 
symmetric position in P" (n > A). Suppose that hr{2) ~ 2n + 2. Then. F lies on 
an elliptic normal curve D . 

Proof. We work in the setting of section rOl By cor. K19I the following degree 2 

appear in the initial ideal of F: 

• • . . . • • • o 
«... • • • o 



• • • o 

• ■ o 

o o 



The initial ideal of F in degree 2 {m = 2, n > 4) 

By cor. I3.1UI there are no other initial monomials of degree 2 in in{Ir), besides 
the ones on the diagram above. 

By lemma B.lOl fin section lTBl below) . F4 lies on an elliptic normal curve D4. By 
the "lifting" lemma ITTl F lies on an elliptic normal curve D. D 



In fact, the statement is true if F is in uniform position, but our method does not handle the 
more general case. 
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4.3. The case m ~ 3. 

We prove the case m = 3 of Conjecture 12.101 for points in symmetric position. 
We use some auxiliary results from section ITTSl and W^ below. 

Proposition 4.3. Let T be a set of d> 2n + 7 points in symmetric position in P" 
(n > 5). Suppose that /ir(2) — 2n + 3. Then, T lies on a curve D of degree < n + 2. 

Proof. We work in the setting of section rOl By cor. 13.91 the following degree 2 

appear in the initial ideal of T: 

• • . . . • • • • o 

«... • • • • o 



• • • • o 

• • I o 

A o o 

o o 

o 

Part of the initial ideal of F in degree 2 (rn = 3, n > 5) 

By cor. I3.1UI only ( 2 ) = 1 monomial is missing from in{Ir)2 in the diagram 
above. 

Consider the projection n : P" --->■ P'' and the image r4 C P* of F— {po, • ■ ■ jPn-s}- 
By lemma IB. 151 and lemma Fzl fin section 1^751 below) . we have h''\P'^,Xr^{2)) > 4. 

In particular, the missing monomial from in{Ir)2 is the one marked with "A" 
in the diagram above. 

By lemma B. Ill fin section IT51 below) . F5 lies on a curve D^ of degree < 7. 

By the "lifting" lemma 1^1 F lies on a curve D of degree < n + 2. D 

4.4. The case m = 4(n > 7). 

We prove the case to = 4, n > 7 of Conjecture 12.11)1 for points in symmetric 
position. We use some auxiliary results from section [4.51 and [4.61 below. 

Proposition 4.4. Let T be a set of d > 2n + 9 points in symmetric position in P" 
(n > 7). Suppose that hr{2) — 2ri + 4. Then, F lies on a curve D of degree < n + 3. 

Remark 4.5. We are unable to handle the case n — 6, although the statement 
should still be conjecturally true. See the comment at the end of section H?^ for an 
explanation. 

Proof. We work in the setting of section 1X51 By cor. 13.91 the following degree 2 
monomials marked with "•" and "■" appear in the initial ideal of F: 
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• a... ••••• o 

«... • • • • • o 

• • • • • o 

• • • I o 

o o o o 

o o o 

o o 

o 



Part of the initial ideal of F in degree 2 (with m = 4, n > 7) 

By cor. I3.1UI only { ^ ) = 3 monomials are missing from m(/r)2 in the diagram 
above. 

Consider the projection tt : P" ---> P^ and the image T^ C P^ of F— {po, • ■ • jPn-e}- 
By lemma r^. 151 and lemma UTTI fin section 1^751 belowl . we have h'^CP^ ,Xr^{2)) > 6. 

The possible missing monomials of degree 2 in the initial ideal m(/r) sue depicted 
in the diagrams below (we set n — 7 for simplicity). 



• • • • 


• 


• 


A 


• 


• • • 


• 


• 


o 


• 


• 


• • 


• 


• o 


• • • 


• 


• 


o 




• • • 


• 


• 


o 




• 


• • 


• 


• o 


• • 


• 


■ 


o 




• • 


• 


■ 


o 






• • 


• 


■ o 


A 


A 


o 


o 




A 


A 


A 


o 






A 


A 


o o 




o 


o 
o 


o 
o 








o 


o 
o 


o 
o 










A 


o o 

o o 

o 



A B C 

Possible initial ideals for ly in degree 2 (with to = 4, n = 7) 

By lemma E.12l fin section ETHl below'l. Fg C P^ lies on a curve Dq of degree < 10. 

By the "lifting" lemma EITl F lies on a curve D of degree < n + 4. (In particular, 
the diagram A for in{Ir)2 is not possible, because F satisfies the Weak conjecture, 
and so xoXn ^ i'n{Ir)2)- 

From the fact, that /i_d(2) = hr{2) = 2n + 4, it follows, that degZ? < n + 3 (this 
can be seen by taking a general hyperplane section). 

D 

4.5. Auxiliary results I. 

The following elementary lemma on pencils of quadrics in projective space will 
be quite useful. 

Elementary Lemma 4.6. Let V C 7?°(P", Op™ (2)) be a pencil of quadrics, con- 
taining a linear space A = qo . . . qn-3 — P""'^ in its base locus. Suppose that V is 
generated by Qo,Qi- 
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(a) The locus of points q G P" , for which there is a quadric in the pencil V 



(11) 



containing the span {q} U A, is a subset of the determinantal locus 

Qo{qo,-) Qoiqi--) ■■■ Qo{qn-3,- 
Qi{qo,-) Qi{qi,~) ■■■ Qi{qn-3,- 



rk 



< 1. 



Here, we think of Qi{—, —) as a symmetric bilinear form on the underlying 
affine space A"+^. 
(b) Suppose that the determinantal locus in \11\) defines the whole P". Then, 
either V contains a quadric singular along A or else, every quadric in V is 
singular along a fixed linear subspace P"^* c A. 

Proof, (a) Left to reader. 

(b) Suppose that the determinantal locus in Hll|) defines the whole P". Then, 
after some row and column operations, the matrix in Hll|) can be brought to one of 
the forms: 



The claim follows. 



D 



Conventions. In the next two lemmas, F = {go, ■ ■ • , 9d-i} C P" is a set of 
d points in symmetric position. By multi-index i = (zq, . . . ,ife) we simply mean a 
{k + l)-tuple of distinct integers between and d — \. For any multi-index i, we 
define Ai = qig ■ ■ ■ qi^ = P'^. We work with homogeneous coordinates xq, . . . ,Xn in 
P", for which qo, . . . ,qn are the standard vertices. We consider the initial ideal of 
/p in the lexicographic order, as in section F^.H 

Lemma 4.7. Let F ~ {qo, . . . , qd-i} C P'* be a set of d > 16 points in symmetric 
position. Suppose that for any multi-index i = (io,ii,i2), there is a quadric Qi in 
|Zr(2)| containing Ai = W^qi^qv^ - P^- Then, /i°(p4,Tr(2)) > 4. 

Proof. We assume that /i"(P'*,2r(2)) = 3 and derive contradiction. 
For any i = {io,ii,i2), consider the restriction map: 

Pi : if°(P^Z^(2)) ^ ijO(Ai, JA,nr(2)). 

Since the map has a 1-dimensional kernel, it's image is a pencil of quadric in Ai. 
Hence, the linear system |2r(2)| has an extra base-point n € Ai, besides Ai n F = 
{qioiqii^qii}- -By symmetry, r\ does not lie on any side of the triangle with vertices 

^jo' qii ' 9*2 • 

By prop. 13.11 the possible shapes for m(/r)2 are the following: 



• • o 

o o o 

o o 



• o o 

• o o 
o o 



A 



B 



The shape B is ruled out, because there is no room for a quadric that contains 

Aoi2- 

So, assume that m(/r)2 has shape A. Then, there is no quadric in P^ that 
both contains F and is singular at qo. By symmetry, there is no quadric that both 
contains F and is singular at any point g^ £ F. 
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Now, the line qoqi is not in the base- locus of the linear system |Zr (2) | (otherwise, 
by symmetry, any line through two points of F is in the base- locus). Let V be the 
pencil of quadrics that contain T U qoQi- 

By lemma ^2Ia), F lies on the locus 

(12) rk T)''"' ( :^"r" ( <1. 



Qo(<7o,-) Qoiqi,-) 
Qi{qa,-) Qi{qi,-) 



Now, the determinant of the matrix in eqn. H12|l must be identically 0, because 
there is no quadric that both contains F and is singular at qoqi- 

By lemma I4.6f b) , every quadric in the pencil V is singular at a fixed point 
■soi G 9091- By symmetry, sqi is distinct from go and qi . 

More generally, for any j = (jq , ji), we may consider the pencil of quadric that 
contain qj^qj^- By symmetry, any quadric in that pencil is singular at a fixed point 

^joji ^ qjo Iji ■ 

For any multi-index i ~ (Joi *ii *2)j consider the plane A^ and the points qi^, qi-^ , qi^ , 
i'i„iii2- It is easy to see, that 

Since ri^^i-^^i^ does not lie on any side of the triangle with vertices qio,qinqi2, the 
points Sioii, SioJ2; *ui2 are not coUinear. 

Now, the quadric Q012 is singular at the 3 noncoUincar points S017 502, S12. Hence, 
(3oi2 is singular along Aoi2- Contradiction! 

This concludes the proof of the lemma. D 

Lemma 4.8. Let F ~ {go, ■ ■ ■ ■, qd-i\ C P^ he a set of d > 20 points in symmetric 
position. Suppose that for any multi-index i = (iq, . • . , ^3), there is a quadric Qi in 
|Jr(2)| containing Ai = q—TTq- = P^. Then, /l°(P^I^(2)) > 6. 

Proof. We assume that /i°(P''^,2r(2)) = 5 and derive contradiction (the case /i° < 4 
is easier). By prop. 13.11 the possible shapes for in{Ir)2 are the following: 



• ••• ••••o •••00 

0000 •000 ••00 

000 000 000 

00 00 00 



ABC 

The shape C is ruled out, because there is no room for a quadric that contains 

Aoi23- 

From the description of m(/r)2, we see that there is no quadric that both contains 
F and is singular along qoqi. By symmetry, there is no quadric that both contains 
F and is singular along any line joining two points of F. 

Next, consider the number of conditions the 2-plane A012 imposes on |Xr(2)|. 
There are two conceivable cases. 

Case I. Suppose that A012 imposes 3 independent conditions on |Zr(2)|. In 
other words, there is a pencil of quadrics V C i/''(P^,Zr(2)), containing A012. In 
particular, for any q £ F, there is a quadric in V, that contains the span {q} U Aoi2. 
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By lemma ETHT aV F lies on the determinantal locus 



(13) rk 



Qoiqa,-) Qo{qi,-) Qoiq2,-) 
Qi{qo,-) Qi{qi,-) Qi{q2,-) 



< 1. 



Now, all 2 X 2 minors in H13() must be identically 0, because there is no quadric that 
both contains F and is singular along a line joining two points of F. 

By lemma HTCT b). any quadric in the pencil V must be singular along some fixed 
line £012 C Aoi2. By symmetry, L012 does not pass through any of the points 
<?o, 91,92- 

More generally, for any multi- index j = Oo, ji, J2), we can consider the pencil of 
quadrics in |Xr(2)| containing Aj. By symmetry, any quadric in that pencil must 
be singular along a fixed line Lj C Aj. 

Let i = (Jo,«i, i2,«3)- Then, the quadric Qi is singular along the 4 lines Li^i^i^, 
Ligiiis, Ligi^i.^, Li-^i^i^. Since Qi is irreducible (by linear generality of F), we con- 
clude that the four lines span a 2-plane in Ai. 

Consider the projection tt : P^ --+ P^ from L012 and let F C P^ be the image 
of F — {qo, qi,q2}. Then, F is in the base locus of the pencil of quadrics V, which 
is the projection of the pencil V. 

For any j = 3, . . . , d, consider the quadric Qoi2j in V and its projection Qoi2j" 
in V. Since Qoi2j" is singular along Lqij 7^ ^012, the projection Qoi2i is a singular 
quadric. 

In summary, 1/ is a pencil of quadrics in P'^ with at least d — 3 singular quadrics. 
It follows, that every quadric in V is singular at a fixed point of P'^. So, V contains 
a reducible quadric. This contradicts the linear generality of F. 

Case II. Suppose that A012 imposes only 2 independent conditions on |Xr(2)|. 
In other words, the restriction map 

iJ"(p5,Xr(2)) ^ i/0(Aoi2,XrnAoi2(2)) 

has rank 2. It follows, that the linear system |Zr(2)| has an extra base point roi2 in 
the plane A012, besides A012 fl F = {qo, gi, (72}- By symmetry, roi2 is distinct from 

90, 91,92 ■ 

By symmetry, for any multi-index j = (jo, Ji,i2), the linear system |Zr(2)| has 
an extra base-point Vj in the plane Aj . 

Let W be the image of the restriction map 

/fO(p5,Xr(2)) ^ H°(Aoi23,2'rnA„i.3(2)). 

Since the map has 1-dimensional kernel, we have dimiy ~ 4. So, W^ is a web of 
quadrics in P'^ with at least 8 base-points go, ■ • ■ , 93, ''012, • ■ • , ''123 • From what we 
know about the configuration of these 8 points, we easily conclude that such web 
W cannot exist. Contradiction! 

This completes the proof of the lemma. D 

Remark 4.9. Assuming the hypotheses in the lemma above, we could naively 
expect the stronger conclusion /i°(P^,Xr(2)) > 7. Unfortunately, we don't know if 
this is true in general. In theory, this could fail if the linear system |2'r(2)| contains 
a P^ in its base locus (but, we think that such a possibility is unlikely). On the 
other hand, if it is true, then our proof of Coni ecture 12 . 1 01 in the case m = A could 
be simplified and extended to the case n — 6. 
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4.6. Auxiliary results II. 

Conventions. In the next three lemmas, F = {qq, . . . , qd-i} C P" is a set of d 
points in symmetric position. We worlc with homogeneous coordinates ig, . . . ,a;„ 
in P", for which (/q, . . . , g„ are the standard vertices. We consider the initial ideal 
of Ir in the lexicographic order, as in section [3. II 

Lemma 4.10. Let T C P"* be a set of d > 13 points in symmetric position. Suppose 
that m(/r)2 has the form: 

• • • o 

• • o 

o o 

o 

In particular, /i'^(P^,Xr(2)) = 5. Then, T lies on an elliptic normal curve D C 

P4. 

Lemma 4.11. Let T C P"'' be a set of d > 17 points in symmetric position. Suppose 
that m(Jr)2 has the form: 

• • • • o 

• • • o 

» o o 

o o 

o 

In particular, ft,'^(P^,Xr(2)) — 8. Then, T lies on a curve D of degree < 7. 

Lemma 4.12. Let T C P^ be a set of d > 22 points in symmetric position. Suppose 
that m(/r)2 has one of the forms: 



• ••••o •••••o •••••o 

• •••o ••••o ••••o 

• •oo •••o ••oo 

ooo ooo •oo 

o o o o o o 



ABC 

In particular, /i*'(P^,2r(2)) > 11. Then, T lies on a curve D of degree < 10. 

Notice, that in all three lemmas, we have XoXn ^ m(/r)2- Hence F "satisfies the 
Weak Conjecture" , i.e. for any point p G F, the Zariski tangent space TpBs{\Xr{2)\) 
is 1-dimensional. Define F' to be the zero-dimensional scheme supported on F, 
which contains the first infinitesimal neighborhood of i3s(|Xr(2)|) at each p E T. In 
particular, degF' = 2d. 

Proof of lemma \l.l(J[ In this case, degF' > 26 > 2'^. By Fulton's refinement 
of Bezout's theorem (p), the base locus i3s(|Ir(2)l) contains a positive dimen- 
sional irreducible component D, passing through at least one point p £ T. Since 
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the dimension of the Zariski tangent space to Z? at p is 1-diinensional, D is a re- 
duced curve. By symmetry, it follows that D passes through all of F (otherwise, 
-Bs(]2r(2)|) would have at least d positive dimensional components, which is im- 
possible). Since Z? is a component of the intersection of 5 quadrics, we conclude 
that D is an elliptic normal curve in P^. 

Proof of lemma \4-.ll\ The argument is essentially the same as in the previous 
lemma. Here, we have degF' > 34 > 2^, hence Bezout's theorem applies. As before, 
r lies on a curve D, which is a component of Bs{\Tr{2)\). Since D is a component 
of an intersection of 8 quadrics in P^, it follows, that degl? < 7 (this can be seen 
by considering a general hyperplane section). 

Proof of lemma \l.lS\ This is the most technical lemma. Notice, that degF' > 
44 < 2^, so we cannot apply the same argument as above. 

Step 1. We claim, that for any point q G F, there is a surface cone Cq C P^ with 
vertex q, containing F', such that degCq < 10. 

It suffices to show this for just one point, say q^. So, consider the projection 
F5 C P^ of F from the point go- From the shape of initial ideal of F, we see 
that F5 still satisfies the Weak conjecture. Let Fg be the zero-dimensional scheme 
supported on F5, containing the first infinitesimal neighborhood of i3s(|Ir5(2)|) at 
each g G F5. In particular, degFg — 2degF5 > 42 > 2^. By the same argument as 
before, we conclude that Fg lies on a curve F, which is a component of i3s(|2r5(2)|). 
From the shape of the initial ideal of F, Y lies on at least 6 quadrics. It follows, 
that degF < 10 (this can be seen by taking a general hyperplane section). Finally, 
let Cqo be the preimage of F in P^. 

Step 2. We claim, that the base locus i3s(|Zr(2)|) contains a curve D, passing 
through a point of F. 

Consider the intersection of the cone Cq with 2 general quadrics from |lr(2)|. 
Since 2^ • degC^ < 40 and degF' > 44, we conclude that the intersection contains 
a positive dimensional component, passing through a point of F. Since the two 
quadrics are general, it follows that the base locus J5s(|Ir(2)|) contains a positive 
dimensional component D, passing through a point of F. Clearly, _D is a reduced 
curve. 

Step 3. By symmetry, D contains all of F. Since D is a. component of the 
intersection of > 11 quadrics in P^, it follows, that degD < 10 (again, this can be 
seen by considering a general hyperplane section). D 
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